Rules for integrands of the form (a + bSin[e + fx])" (c +dSin[e + fx])" (A+BSin[e + fXx])

1: -J-Sin[e+fx]" (a+bsin[e+fx])" (A+BSin[e+fx]) dx when Ab+aB=0A a’>-b’=@ AMEZ A NEZ

Derivation: Algebraic expansion

Rule:if Ab+aB==0A a?-b%>==0 AmeZ A nez,then

JSin[e+-Fx]" (a+bsSin[e+fx])" (A+BSin[e+fx]) dx — jExpandTr‘ig[Sin[ewa]" (a+bsSinfe+fx])" (A+BSin[e+fx]), x] dx

Program code:

Int[sin[e_.+f_.*x_]"n_.#(a_+b_.*sin[e_.+F_.#x_]) m_.x (A_.+B_.+sin[e_.+f_.#x_]),x_Symbol] :=
Int[ExpandTrig[sin[e+fsx]n« (a+bxsin[e+fxx])~ mx (A+Bxsin[e+Ffxx]),x],x] /;
FreeQ[{a,b,e,f,A,B},x]| && EqQ[Axb+axB,0] & EqQ[a"2-b"2,0] & IntegerQ[m] && IntegerQ[n]

2: j(a+bsin[e+fx])m (c+dSin[e+1=x])n (A+BSin[e+fx]) dx whenbc+ad=0 A a2-b%>=0 A mez

Derivation: Algebraic simplification
Basis:If bc+ad==0 A a2 -b? ==0,then (a+bSin[z]) (c+dSin[z]) =acCos[z]?
Rule:lf bc+ad=0 A a2-b?==0 A me Z,then

J(a+bsin[e+fx])m (c+dsin[e+fx])" (A+Bsin[e+fx]) dx — a“‘c“‘JCos[e+1=x]2"I (c+dsin[e+fx])"™ (A+BSin[e+ fx]) dx

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_]) m_.(c_+d_.*sin[e_.+f_.xx_]) n_.»(A_.+B_.xsin[e_.+f_.#x_]),x_Symbol] :=
a’mxc mxInt[Cos[e+Ffxx] ™ (2xm) » (c+dxSin[e+Ffxx])~ (n-m) » (A+BxSin[e+Ffxx]),x] /;
FreeQ[{a,b,c,d,e,f,A,B,n},x]| && EqQ[bxc+axd,0] & EqQ[a~2-b"2,0] & IntegerQ[m] & Not[IntegerQ[n] && (LtQ[m,0] & GtQ[n,@] || LtQ[@,n,m] || L



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

3: J(a+bsin[e+fx])m (c+dSin[e+fx]) (A+BSin[e+fx]) dx whenbc-ad#0

Derivation: Algebraic expansion

Rule:If bc - ad # 0, then

J(a+bsin[e+fx])m (c+dsin[e+fx]) (A+Bsin[e+fx]) dx — J(a+b$in[e+fx])'" (Ac+ (Bc+Ad) Sin[e+fx] +Bdsin[e+fx]?) dx

Program code:

Int[(a_.+b_.#sin[e_.+f_.*x_])™m_.x(c_.+d_.+sin[e_.+f_.xx_])*(A_.+B_.*sin[e_.+f_.»x_]),x_Symbol] :=
Int[ (a+bxSin[e+fxx]) mx (Axc+ (Bxc+Axd) +Sin[e+fxx] +Bxd+Sin[e+fxx]"2),x] /;
FreeQ[{a,b,c,d,e,f,A,B,m},x] && NeQ[bxc-a+d,0]



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

4, J(a+bsin[e+fx])m(c+dSin[e+-Fx])" (A+BSin[e+-Fx])d1x whenbc+ad=0 A a2-b?==0 AmM¢Z An¢z

1. J(a+b$in[e+fx])"'(c+dSin[e+fx])" (A+BSin[e+fx])dx whenbc+ad=0 A a’-b>==@ AmM¢Z AN¢Z AAb(m+n+1) +aB (m-n) =0

A+BSin[e+fx]

1: dx whenbc+ad=0 A a>-b%==0

\/a+bsin[e+fx] \/c+dSin[e+-Fx]

Derivation: Algebraic expansion

Basis:If bc+ad =0 A a?-b?=-0,thenbc+ad=-o

BaSiS: |f b C +a d — e then A+B z - (Ab+aB) Va+bz + (Bc+Ad) Vc+dz
’ Va+bz Vec+dz 2abVc+dz 2cdVa+bz

Rule:lf bc +ad==0 A a%-b? == 9, then

A+BSin[e+fXx| Ab+aB \/a+bsin[e+-Fx] Bc+Ad \/c+dSin[e+-Fx]
d d d
= 2ab xr 2cd X

'\/a+bSin[e+-Fx] \/c+d5in[e+fx] '\/c+dSin[e+-Fx] '\/a+bSin[e+-Fx]

Program code:

Int[(A_.+B_.#sin[e_.+f_.+x_])/(Sart[a_+b_.+sin[e_.+f_.xx_]]*Sqrt[c_+d_.xsin[e_.+f_.+x_]]),x_Symbol] :=
(Axb+axB) / (2xaxb) +Int[Sqrt[a+bsSin[e+f+x]]/Sqrt[c+d+Sin[e+fxx]],x] +
(Bxc+Axd) / (2xcxd) »Int[Sqrt [c+dSin[e+fxx] ]/Sqrt [a+bxSin[e+f+x]],x] /;

FreeQ[{a,b,c,d,e,f,A,B},x] && EqQ[bxc+axd,0] && EqQ[a"2-b"2,0]



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

2: J-(a+bsin[e+fx])m(c+dSin[e+-Fx])" (A+Bsin[e+fx])dx whenbc+ad=0 A a’-b*==@ AmM¢Z AN¢Z AAb(mM+n+1) +aB(m-n) =0 A m#-

Derivation: Algebraic expansion and doubly degenerate sine recurrence 1c withp - @ and
Ab m+n+1) +aB (m-n) ==

Basis:A+Bz == “’Thﬂb—bl

Rule:iff bc+ad=0 A a*-b*>-==@ AAb(m+n+1)+aB (m-n) =0 Amg¢z Am#-2,then

BCos[e+fx] (a+bSin[e+fx])" (c+dSin[e+fx])"

f(a+bsin[e+fx])m (c+dSin[e+fx])" (A+BSin[e+fx]) dx — - fmanad)

Program code:

Int[(a_+b_.xsin[e_.+f_.*x_]) m_x(c_+d_.xsin[e_.+f_.»x_])~n_.#(A_.+B_.xsin[e_.+f_.»x_]),x_Symbol] :=
-BxCos [e+f*x] * (a+b*Sin [e+f*x] ) m* (c+d*S:i.n [e+f*x] ) "n/(f* (m+n+1) ) /3
FreeQ[{a,b,c,d,e,f,A,B,m,n},x| & EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] && EQQ[Axb (m+n+1)+axBx (m-n),0] & NeQ[m,-1/2]
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Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

2: J\/a+bsin[e+fx] (c+dSin[e+-Fx])n (A+BSin[e+-Fx]) dx whenbc+ad=0 A a2-b%2=20

Derivation: Algebraic expansion

Baisi:A + Bz -- B(c+dz) Bc-Ad
: . -

Rule:lf bc +ad =0 A a%?-b? == 9, then

J\/a+bsin[e+fx] (c+dsin[e+fx])" (A+Bsin[e+fx])dx —

Bc

B -Ad
EJ\/a+bSin[e+fx] (c+dsin[e+fx])"+1d1x— J\/a+b$in[e+fx] (c+dSin[e+fx])"d1x

d

Program code:

Int[Sqrt[a_.+b_.xsin[e_.+f_.xx_]]*(c_+d_.#sin[e_.+f_.#x_])~n_«(A_.+B_.xsin[e_.+f_.»x_]),x_Symbol] :=
B/d+Int[Sqrt[a+bxSin[e+fxx] ]| (c+d+Sin[e+fxx])~(n+1),x] -
(Bxc-Axd) /dxInt [Sqr't [a+b*Sin [e+'F*x] ] * (c+d*S:i.n [e+'F*x] ) "n,x] /3

FreeQ[{a,b,c,d,e,f,A,B,n},x]| && EqQ[bxc+a+d,0] && EqQ[a"2-b"2,0]



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

3: J(a+bsin[e+fx])"' (c+dSin[e+fx])" (A+BSin[e+fx]) dx whenbc+ad=0 A a2-b%=0 A m<—%

Derivation: Algebraic expansion and doubly degenerate sine recurrence 1c withp — ©

Basis:A+Bz == M’Thﬂb—bl

Rule:lfbc+ad::@Aa2—b2::@Am<—%,then

J(a+b$in[e+fx])'" (c+dsin[e+fx])" (A+Bsin[e+fx]) dx —

(Ab-aB) Cos[e+fx]| (a+bSin[e+fx])" (c+dSin[e+fx])" aB(m-n) +Ab (m+n+1)
.

bsi £x])™* (c+dsi £x])"a
af (2m+1) b 2nel) J(a+ in[e+fx])™" (c+dsSin[e+fx])"dx

Program code:

Int[(a_+b_.»sin[e_.+f_.xx_])"m_x(c_+d_.xsin[e_.+f_.»x_])"n_.#(A_.+B_.xsin[e_.+f_.»x_]),x_Symbol] :=
(Axb-axB) xCos [e+'F*x] * (a+b*Sin [e+'F*x] )"m* (c+d*Sin [e+'F*x] )"n/(a*f* (2xm+1) ) +
(a%Bx (M-n) +Axbx (M+n+1) ) / (axbx (2xm+1) ) xInt [ (a+b+Sin[e+fxx] )~ (m+1) x (c+d+Sin[e+fxx]) n,x] /;
FreeQ[{a,b,c,d,e,f,A,B,m,n},x] & EqQ[bxc+axd,0] && EqQ[a~2-b"2,0] && (LtQ[m,-1/2] || ILtQ[m+n,@] & Not[SumSimplerQ[n,1]]) && NeQ[2xm+1,0]



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

4: J(a+bsin[e+fx])'" (c+dSin[e+fx])" (A+BSin[e+fx]) dx whenbc+ad=0 A a2-b%=0 A m{—%

Derivation: Algebraic expansion and doubly degenerate sine recurrence 1b withm - m+1, p > ©

Basis:A+Bz == “’TMB—(b—bL

Rule:if bc+ad=0 A a>-b®>=0 A m¢ -, then

J.(a+bSin[e+'Fx])m (c+dSin[e+'Fx])" (A+BSin[e+'Fx])d1X —

BCos[e+fx] (a+bSin[e+fx])" (c+dSin[e+fx])" Bc (m-n)-Ad (m+n+1)

b Si f m dsi £ na
f(m+n+1) d(m+n+1) J(a+ 1n[e+ X]) (c+ 1n[e+ x]) X

Program code:

Int[(a_+b_.xsin[e_.+f_.xx_])"m_.#(c_+d_.«sin[e_.+f_.#x_] )" n_#(A_.+B_.xsin[e_.+f_.»x_]),x_Symbol] :=
-BxCos [e+f*x] * (a+b*Sin [e+f*x] ) Amx (c+d*S:i.n [e+f*x] ) "n/(f* (m+n+1) ) -
(BxCx (m-n) -Axdx (m+n+1) ) / (dx (m+n+1) ) xInt[ (a+bxSin[e+fxx])"mx (c+d+Sin[e+fxx]) n,x] /;
FreeQ[{a,b,c,d,e,f,A,B,m,n},x] & EqQ[bxc+axd,0] && EqQ[a~2-b"2,0] && Not[LtQ[m,-1/2]] & NeQ[m+n+1,0]

5. j(a+bsin[e+fx])m (c+dSin[e+1=x])n (A+BSin[e+fx]) dx whenbc-ad#0 A a®-b%==0 A c2-d?#0

1 J(a+bsin[e+fx])m (c+dsin[e+x])" (A+Bsin[e+fx])

dx whenbc-ad#0 A a2-b?2=0 A c?2-d’#0 Am+n+2==0 AA(adm+bc(n+1))-B(acm+bd (n+1)) =

Rule: If
bc-ad+0 Aa’-b>=0Ac*-d>’+0 Am+n+2=0 AA(adm+bc (n+1))-B(acm+bd (n+1)) =0,
then

J-(a+bsin[e+fx])m (c+dsin[e+fx])" (A+Bsin[e+fx]) dx —



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x]) 8

(Bc-Ad) Cos[e+fx]| (a+bsin[e+fx])" (c+dSin[e+-Fx])"+1

f(n+1) (c?-d?)

Program code:

Int[(a_+b_.xsin[e_.+f_.*x_])~m_x(c_.+d_.#sin[e_.+f_.#x_] ) n_«(A_.+B_.xsin[e_.+f_.»x_]),x_Symbol] :=
(Bxc-Axd) xCos [e+f*x] * (a+b*Sin [e+'F*X] )"m* (C+d*Sin [e+'F*X] )" (n+1)/(-F* (n+1) » (c~2-d*2) ) /3
FreeQ[{a,b,c,d,e,f,A,B,m,n},x| & NeQ[bxc-axd,0] && EqQ[a~2-b"2,0] & NeQ[c"2-d"2,0] && EqQ[m+n+2,0] && EQQ[A* (a*dxm+bxC* (n+1))-B (a*C+m+bxd

2. J(a+bsin[e+fx])m(c+dsin[e+fx])" (A+BsSin[e+fx])dx whenbc-ad#@ A a>-b?==0 A cz—d2¢0/\m>§

1: j(a+bsin[e+fx])m(c+dSin[e+-Fx])" (A+BSin[e+fx])dlx whenbc-ad#0 A a2-b%2==0 A cz—d2¢0/\m>§ An<-1

Derivation: Singly degenerate sine recurrence 1la withp — @
Rule:lf bc-ad+0 A a?-b2=0 Ac®’-d*>+0 A m> % A n < -1,then

J(a+bsin[e+fx])m (c+dsin[e+fx])" (A+Bsin[e+fx]) dx —

b? (Bc-Ad) Cos[e+fx]| (a+bsin[e+fx])"" (c+dsin[e+fx])"!

df (n+1) (bc+ad)

° J(a+bsin[e+-Fx])'""1 (c+dsinfe+fx])™*.

d(n+1) (bc+ad)
(aAd (m-n-2) -B(ac (m-1) +bd (n+1)) - (Abd (m+n+1) -B(bcm-ad (n+1))) Sin[e+fx]) dx

Program code:

Int[(a_+b_.xsin[e_.+f_.%x_]) m_x(c_.+d_.#sin[e_.+f_.#x_] )" n_«(A_.+B_.xsin[e_.+f_.»x_]),x_Symbol] :=
-b”2x (Bxc-Axd) xCos [e+f*x] * (a+b*Sin [e+f*x] ) A(m-1) » (C+d*Sin [e+f*x] ) n (n+1)/(d*f* (n+1) » (bxc+axd) ) -
b/ (d* (n+1) x (bxc+axd) ) xInt [ (a+b*Sin [e+f*x] ) A(m-1) » (c+d*Sin [e+'F*X] )" (n+1) »
Simp [axAxdx (M-n-2) -B# (a*C# (M-1) +bxdx (N+1) ) - (Axbxdx (M+n+1) -B* (bxCxm-axdx (n+1))) xSin[e+fxx],x],x] /;
FreeQ[{a,b,c,d,e,f,A,B},x| & NeQ[bxc-axd,0] & EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0] && GtQ[m,1/2] && LtQ[n,-1] &&
IntegerQ[2+m] && (IntegerQ[2xn] || EqQ[c,0])



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

2: J-(a+bsin[e+fx])m(c+dSin[e+-Fx])" (A+BSin[e+fx])dlx whenbc-ad#0 A a2-b%2==0 A cz—d2¢0Am>§ Ang¢-1

Derivation: Singly degenerate sine recurrence 1b withp — @
Rule:lf bc-ad+0 Aa?-b2=0 Ac®?-d*+0 A m> % A n ¢ -1, then

J(a+bsin[e+fx])m (c+dsin[e+fx])" (A+Bsin[e+fx])dx —

bBCos[e+fx] (a+bsSin[e+fx])"" (c+dsin[e+fx])™

+

df (m+n+1)
1

d(m+n+1)
(aAd (m+n+1) +B(ac (m-1) +bd (n+1)) + (Abd (m+n+1) -B (bcm-ad (2m+n))) Sin[e+fx]) dx

j(a+bsin[e+fx])m'1 (c+dsin[e+fx])"

Program code:

Int[(a_+b_.xsin[e_.+f_.*x_])~m_x(c_.+d_.#sin[e_.+f_.#x_] ) n_«(A_.+B_.xsin[e_.+f_.»x_]),x_Symbol] :=
-bxBxCos [e+'F*X] * (a+b*Sin [e+'F*X] )" (m-1) (C+d*Sin [e+'F*X] ) 2 (n+1)/(d*f* (m+n+1) ) +
1/ (d* (m+n+1)) xInt [ (a+b*Sin [e+‘F*x] )" (m-1) % (c+d*Sin [e+f*x] ) Anx
Simp[a*A*d*(m+n+1)+B*(a*C*(m—1)+b*d*(n+1))+(A*b*d*(m+n+1)—B*(b*C*m—a*d*(Z*m+n)))*Sin[e+f*x],x],x] /3
FreeQ[{a,b,c,d,e,f,A,B,n},x]| && NeQ[bxc-a+d,0] & EqQ[a~2-b"2,0] & NeQ[c"2-d"2,0] && GtQ[m,1/2] & Not[LtQ[n,-1]] && IntegerQ[2m] &&
(IntegerQ[2xn] || EqQ[c,0])

3. J(a+bsin[e+fx])m (c+dSin[e+1“x])n (A+Bsin[e+fx])dx whenbc-ad#0 A a>-b*=0 A c?-d*#0 A m<—%

1: j(a+bSin[e+-Fx])'"(c+dSin[e+fx])" (A+BSin[e+fx])dlx whenbc-ad#0 A a2-b%2==0 A cz—d2¢0/\m<—% An>0

Derivation: Singly degenerate sine recurrence 2a withp —» @
Rule:if bc-ad+0 A a?2-b2=0 A c?>-d?>+0 A m<—% A n > 0,then

J(a+bsin[e+fx])'“ (c+dsin[e+fx])" (A+Bsin[e+fx])dx —



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

(Ab-aB) Cos[e+fx]| (a+bsSin[e+fx])" (c+dsin[e+fx])"

af (2m+1)

! J(a+bsin[e+fx])m+1 (c+dsinfe+fx])"*.

ab((2m+1)
(A(adn-bc(m+1)) -B(acm+bdn) -d (aB (m-n) +Ab (m+n+1)) Sin[e+fx]) dx

Program code:

Int[(a_+b_.»sin[e_.+f_.»x_]) m_x(c_.+d_.#«sin[e_.+f_.#x_] )" n_«(A_.+B_.xsin[e_.+f_.»x_]),x_Symbol] :=
(Axb-axB) xCos [e+-F*x] * (a+b*Sin [e+-F*x] ) M (c+d*Sin [e+-F*x] ) "n/(a*f* (2xm+1) ) -
1/ (a*bx (2xm+1) ) *Int [ (a+b*Sin [e+'F*X] ) A(m+l) * (C+d*Sin [e+'F*X] )" (n-1) %
Simp [A* (axd*n-bxc* (m+1) ) -Bx (axCxm+bxdxn) -dx (axB* (m-n) +Axbx (m+n+1) ) *Sin [e+'F*x] ,X] ,X] /3
FreeQ[{a,b,c,d,e,f,A,B},x| & NeQ[bxc-axd,0] & EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0] && LtQ[m,-1/2] && GtQ[n,0] && IntegerQ[2sm] &&
(IntegerQ[2xn] || EqQ[c,0])

10



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

2: J-(a+bsin[e+fx])m(c+dSin[e+-Fx])" (A+BSin[e+fx])dlx whenbc-ad#0 A a2-b2=20 A c2-d’#0 Am<-= An30

Derivation: Singly degenerate sine recurrence 2b withp — @

Rule:lfbc—ad;t@Aaz—bZ::G/\c2—d2¢0/\m<—%An}@,then

J(a+bsin[e+fx])m (c+dsin[e+fx])" (A+Bsin[e+fx])dx —

b (Ab-aB) Cos[e+fx] (a+bsin[e+fx])" (c+dsin[e+fx])"*
af (2m+1) (bc-ad) "

- (2m+1)1(bc_ad) [(a+bstnfesx])™* (cedsinfer £x])"-

(B(acm+bd (n+1)) +A(bc(m+1) -ad (2m+n+2)) +d (Ab-aB) (m+n+2) Sin[e+ fx]) dx

Program code:

Int[(a_+b_.xsin[e_.+f_.*x_])~m_x(c_.+d_.#sin[e_.+f_.#x_] ) n_«(A_.+B_.xsin[e_.+f_.»x_]),x_Symbol] :=
bx (Axb-axB) xCos [e+'F*X] * (a+b*S:i.n [e+'F*X] ) mx (C+d*Sin [e+'F*X] ) 2 (n+1)/(a*-F* (2xm+1) * (bxc-axd) ) +
1/ (a* (2xm+1) * (bxc-axd) ) xInt [ (a+b*Sin [e+'F*x] ) A(m+1) * (c+d*Sin [e+f*x] )"n*

Simp [B* (axcxm+bxd* (n+1) ) +A* (bxc* (m+1) —a*xd* (2xm+n+2) ) +d* (Axb-a%B) * (m+n+2) *Sin [e+f*x] ,x] ,X] /3

FreeQ[{a,b,c,d,e,f,A,B,n},x] && NeQ[bxc-a+d,0] & EqQ[a~2-b"2,0] & NeQ[c"2-d"2,0] && LtQ[m,-1/2] & Not[GtQ[n,0]] && IntegerQ[2m] &&
(IntegerQ[2xn] || EqQ[c,0])

4, J\/a+b$in[e+fx] (c+dSin[e+-Fx])" (A+BsSin[e+fx])dx whenbc-ad#0 A a>-b?=0 A c>-d*#0

1: J\/a+bsin[e+fx] (c+dsin[e+fx])" (A+BSin[e+fx]) dx whenbc-ad#0 A a*>-b?=0 A c*-d’#0 A Abd (2n+3) -B (bc-2ad (n+1)) =

Derivation: Singly degenerate sine recurrence la with B —» - Ab-3+210)

1
2a (1+n) °? m-= 2° p-0
Derivation: Singly degenerate sine recurrence 1b withB —» — %ﬁl, m- 2>, p->0

Rule:lf bc-ad+0 A a2-b>==0 A c>?-d>#+0 AAbd (2n+3) -B (bc-2ad (n+1)) = 0,then

11



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

2bBCos[e+fx] (c+dsin[e+fx])™

J\\/a+bsin[e+fx] (c+dsin[e+fx])" (A+Bsin[e+fx])dx — -

df (2n+3) \/a+bSin[e+fx]

Program code:

Int[Sqrt[a_+b_.#sin[e_.+f_.xx_]]*(c_.+d_.xsin[e_.+f_.»x_])~n_« (A_.+B_.xsin[e_.+f_.»x_]),x_Symbol] :=
-2xbxBxCos [e+f*x] * (c+d*Sin [e+f*x] )" (n+1)/(d*f* (2%n+3) *Sqrt [a+b*Sin [e+f*x] ] ) /3
FreeQ[{a,b,c,d,e,f,A,B,n},x]| && NeQ[bxc-a+d,0] & EqQ[a"2-b"2,0] & NeQ[c"2-d"2,0] && EQQ[Axbxdx (2xn+3)-Bx (bxc-2xaxdx (n+1)),0]

2: J\/a+bsin[e+fx] (c+dSin[e+-Fx])" (A+BSin[e+-Fx]) dx whenbc-ad#0 A a2-b%=0 A c2-d*#0 A n<-1

Derivation: Singly degenerate sine recurrence 1a withm - %, p—0

Rule:lf bc-ad+0 A a?-b2=0 A c?2-d?>+0 A n< -1,then

J\\/a+bsin[e+fx] (c+dsin[e+fx])" (A+BSin[e+fx]) dx —

b> (Bc-Ad) Cos[e + fx| (c+dSin[e+-Fx])"+1

+

df (n+1) (bc+ad) \/a+bSin[e+-Fx]
Abd (2n+3) -B(bc-2ad (n+1))
2d (n+1) (bc+ad)

J'\/a+bsin[e+fx] (c+dSin[e+fx])"*1dlx

Program code:

Int[Sqrt[a_+b_.xsin[e_.+f_.#x_]]*(c_.+d_.#sin[e_.+f_.+x_])~n_«(A_.+B_.xsin[e_.+f_.»x_]),x_Symbol] :=

-b”2% (Bxc-Axd) xCos [e+'F*x] * (c+d*Sin [e+f*x] ) 2 (n+1)/(d*f* (n+1) = (bxc+axd) *Sqrt [a+b*Sin [e+f*x] ] ) +

(A*bxdx (2%n+3) -Bx (bxC-2#axdx (n+1))) / (2#d* (n+1) + (bxc+axd) ) »Int [Sqrt[a+b+Sin[e+fxx] |« (c+dxSin[e+fxx] )" (n+1),x]| /;
FreeQ[{a,b,c,d,e,f,A,B},x]| & NeQ[bxc-axd,8] & EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0] && LtQ[n,-1]

12



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

3: J\/a+bsin[e+fx] (c+dSin[e+-Fx])n (A+BSin[e+fx]) dx whenbc-ad#0 A a2-b%=0 A c2-d*#0 A n¢-1

Derivation: Singly degenerate sine recurrence 1b withm — %, p—0

Rule:lf bc-ad+0 A a?-b2=0 A c?2-d?>+0 A n<¢ -1,then

JJa+bSin[e+fX] (c+dsin[e+fx])" (A+Bsin[e+fx])dx —

2bBCos[e+fx] (c+dSin[e+-Fx])n+1

+

d-F(2n+3)'\/a+bSin[e+-Fx]
Abd (2n+3) -B (bc-2ad (n+1))
bd (2n+3)

J\/a+bsin[e+fx] (c+dsin[e+fx])"dax

Program code:

Int[Sqrt[a_+b_.xsin[e_.+f_.#x_]]|*(c_.+d_.#«sin[e_.+f_.#x_] )" n_#(A_.+B_.xsin[e_.+f_.»x_]),x_Symbol] :=
-2xbxBxCos [e+f*x] * (c+d*Sin [e+'F*x] )" (n+1)/(d*'F* (2%n+3) *Sqrt [a+b*Sin [e+f*x] ] ) +
(A*b*d*(2*n+3)—B*(b*c—z*a*d*(n+1)))/(b*d*(2*n+3))*Int[Sqrt[a+b*Sin[e+f*x]]*(c+d*Sin[e+f*x])An,x] /3

FreeQ[{a,b,c,d,e,f,A,B,n},x] && NeQ[bxc-axd,0] & & EqQ[a”~2-b”2,0] && NeQ[c”2-d*2,0] && Not[LtQ[n,-1]]

A+BSin|e+fx
[ ] dx whenbc-ad#0 A a2-b%==0 A c2-d?#0

'\/a+bSin[e+fx] \/c+d5in[e+fx]

Derivation: Algebraic expansion

Baisi: A + Bz == A28, Blarbz)

Rule:lf bc-—ad+0 A a2-b%2 =0 A c?-d? + 0,then

13



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

A+BSiﬂe+fx] Ab-aB

b Si f
ix : B \/a+ 1n[e+ x] 5

dx + —

1
J\\/a+bsin[e+fx] \/c+dsin[e+fx] b \/c+dSin[e+fx]

X

\/a+bSin[e+-Fx] \/c+dSin[e+fx]

Program code:

Int[(A_.+B_.+sin[e_.+f_.xx_])/(Sqrt[a_+b_.xsin[e_.+f_.«x_]]*Sqrt[c_.+d_.xsin[e_.+f_.+x_]]),x_Symbol] :=
(A*b-a*B)/b*Int[1/(Sqrt[a+b*sin[e+f*x]]*Sqrt[c+d*sin[e+f*x]]),x] +
B/bxInt[Sqrt[a+bxSin[e+fxx]]/Sqrt[c+d+Sin[e+fxx]],x] /;

FreeQ[{a,b,c,d,e,f,A,B},x| & NeQ[bxc-axd,0] & EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0]

6: J(a+bsin[e+fx])m (c+dSin[e+1‘x])n (A+Bsin[e+fx])dx whenbc-ad#@ A a*>-b?>=0 A c>*-d’#0 An>0

Derivation: Singly degenerate sine recurrence 2c withp - 0
Rule:if bc-ad+0 A a?-b%>=0 A c2-d*+0 A n>0,then

J.(a+bsin[e+-Fx])m (c+dsin[e+fx])" (A+Bsin[e+fx]) dx —

BCos[e+fx] (a+bSin[e+-Fx])'" (c+dSin[e+-Fx])"
- +

f(m+n+1)
1

b (m+n+1)

Program code:

Int[(a_+b_.xsin[e_.+f_.*x_]) m_x(c_.+d_.#sin[e_.+f_.+x_] ) n_«(A_.+B_.xsin[e_.+f_.»x_]),x_Symbol] :=
-BxCos [e+f*x] * (a+b*Sin [e+f*X] ) m* (c+d*Sin [e+f*X] ) "n/(f* (m+n+1) ) +
1/ (bx (m+n+1)) xInt [ (a+b*Sin [e+‘F*x] )"m* (c+d*Sin [e+‘F*x] )" (n-1) %
Simp[A*b*c*(m+n+1)+B*(a*c*m+b*d*n)+(A*b*d*(m+n+1)+B*(a*d*m+b*c*n))*Sin[e+f*x],x],x] /5
FreeQ[{a,b,c,d,e,f,A,B,m},x] && NeQ[bxc-axd,0] & EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0] 8&& GtQ[n,0] & (IntegerQ[n] || EqQ[m+1/2,0])

J(a+b5in[e+1¢x])m(c+dSin[e+1=x])"'1 (Abc(m+n+1) +B (acm+bdn) + (Abd (m+n+1) +B (adm+bcn)) Sin[e+fx]) dx

14



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

7: J(a+bsin[e+fx])"' (c+dSin[e+fx])" (A+BSin[e+fx]) dx whenbc-ad#0 A a2-b%==0 A c2-d*#0 A n<-1

Derivation: Singly degenerate sine recurrence 1c withp - 0
Rule:lf bc-ad+0 A a?-b2=0 A c?2-d?>+0 A n< -1,then

J(a+bsin[e+fx])m (c+dsin[e+fx])" (A+Bsin[e+fx])dx —

(Bc-Ad) Cos[e+fx]| (a+bsSin[e+fx])" (c+dSin[e+1=x])n+1
+

f(n+1) (c?-d?)
1
b (n+1) (c*-d?)

j(a+bSin[e+-Fx])m(c+dSin[e+-Fx])"+1 (A(@adm+bc (n+1)) -B(acm+bd (n+1)) +b (Bc-Ad) (m+n+2)Sin[e+fx])dx

Program code:

Int[(a_+b_.xsin[e_.+f_.%x_])"m_x(c_.+d_.#«sin[e_.+f_.#x_] )" n_«(A_.+B_.xsin[e_.+f_.»x_]),x_Symbol] :=
(Bxc-Axd) xCos [e+f*x] * (a+b*Sin [e+f*x] ) M (C+d*Sin [e+f*x] ) ~ (n+1)/(f* (n+1) % (c”2-d"2) ) +
1/ (b* (n+1) = (c*2-d~2) ) xInt [ (a+b*Sin [e+'F*X] ) m* (C+d*Sin [e+'F*X] ) A(n+l) *
Simp [A* (axdxm+bxcx (n+1) ) -Bx (axCxm+bxdx (n+1) ) +b*x (BxCc-Axd) * (m+n+2) *Sin [e+'F*x] ,x] ,x] Ve
FreeQ[{a,b,c,d,e,f,A,B,m},x| && NeQ[bxc-a+d,0] & EqQ[a"2-b"2,0] & NeQ[c"2-d"2,0] && LtQ[n,-1] && (IntegerQ[n] || EqQ[m+1/2,0])

15



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

(a+bSin[e+fx])'" (A+BSin[e+fx])
S.J dx whenbc-ad#0 A a2-b%==0 A c2-d?#0

c+dSin[e+-Fx]

A+BSinfe+fx
[ ] dx whenbc-ad#0 A a2-b%>==0 A c2-d2#0

\as+bsin[e+fx] (c+dsin[esfx])

Derivation: Algebraic expansion

Basis: AiBz - Ab-aB , (Bc-Ad) varbz

a+bz (c+dz) (bc-ad) \/a+bz (bc-ad) (c+dz)
Rule:lf bc-ad+0 A a2-b%2 =0 A c?2-d? + 0,then

A+BSin[e+-Fx] ax Ab-aB 4
X+

Bc—Adv{Ja+bﬁnh+fﬂ

c+dSin[e+fx]

\/a+bSin[e+fx] (c+dsinfe+fx]) bc_adJ\'\/a+b51n[e+fX] bc-ad

Program code:

Int[(A_.+B_.#sin[e_.+f_.+x_])/(Sart[a_+b_.«sin[e_.+f_.+x_]](c_.+d_.xsin[e_.+Ff_.»x_])),x_Symbol] :=
(Axb-axB) / (bxc-axd) *Int [1/Sqr't [a+b*Sin [e+'F*x] ] ,x] +
(Bxc-Axd) / (bxc-a*d) *Int [Sqrt[a+bxSin[e+fxx] ]/(c+d*Sin [e+fxx]),x] /;

FreeQ[{a,b,c,d,e,f,A,B},x| && NeQ[bxc-axd,0] && EqQ[a~2-b"2,0] && NeQ[c"2-d"2,0]

(a+bSin[e+-Fx])"I (A+BSin[e+-Fx])
Z:J dlxwhenbc-ad;ee/\az-b2==a/\c2—d2¢0/\m¢-§

c+dSin[e+-Fx]

Derivation: Algebraic expansion

A+Bz __ B _Bc-Ad
Baisi: +dz — d d (c+d z)

Rule:lfbc—ad#@Aaz—bZ:O/\c2—d2¢0/\m¢—%,then



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

J«(a+bSin[e+-Fx])r"(A+BSin[e+-Fx]) ax

Bc_AdJ~(a+bsin[e+-Fx])rn

B m
dx — —J(a+bsin[e+fx]) dx
d d c+dSin[e+fx]

c+dSin[e+fx]

Program code:

Int[(a_+b_.*sin[e_.+f_.xx_]) m_« (A_.+B_.+sin[e_.+f_.*x_])/(c_.+d_.xsin[e_.+f_.+x_]),x_Symbol] :=
B/d+Int[ (a+bxSin[e+fxx])"m,x]| - (Bxc-Axd)/d+Int[ (a+bxSin[e+fxx] )"m/(c+d*Sin [e+fxx]),x] /3
FreeQ[{a,b,c,d,e,f,A,B,m},x| && NeQ[bxc-a+d,0] & EqQ[a~2-b"2,0] & NeQ[c"2-d"2,0] && NeQ[m+1/2,0]

9: J(a+b5in[e+fx])m (c+dSin[e+1‘:x])n (A+Bsin[e+fx])dx whenbc-ad#@ A a*>-b?=0 A c>*-d*#0

Derivation: Algebraic expansion

Baisi: A + B z == AbBaB . B (agb 2)

Rule:lf bc-ad+0 A a2-b%2 =0 A c?-d? + 0,then

J(a+bSin[e+-Fx])'" (c+dsin[e+fx])" (A+BsSin[e+fx]) dx —

Ab-aB
b

J(a+bsin[e+fx])m (c+dSin[e+fx])"dlx+Ej(a+bsin[e+fx])m*1 (c+dsin[e+fx])"ax

Program code:

Int[(a_+b_.xsin[e_.+f_.*x_])"m_.#(c_.+d_.xsin[e_.+f_.»x_]) n_(A_.+B_.#sin[e_.+f_.+x_]),x_Symbol] :=
(Axb-axB) /bxInt [ (a+b*Sin [e+f*x] ) m* (c+d*Sin [e+f*x] ) "n,x] +
B/b*Int[ (a+bxSin[e+fxx] )" (m+1) x (c+d+Sin[e+fxx])*n,x]| /;

FreeQ[{a,b,c,d,e,f,A,B,m,n},x]| & NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] & NeQ[c"2-d"2,0] && NeQ[Axb+axB,0]



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x]) 18

6. J(a+bsin[e+fx])m (c+dSin[e+1:x])n (A+BSin[e+-Fx])d1x whenbc-ad#0 A a2-b?#0 A c2-d?+#0
1. J(a+bsin[e+fx])m (c+dSin[e+-Fx])n (A+B5in[e+fx])d1x whenbc-ad#0 A a2-b2#0 A c2-d2#06 Am>1
1. J(a+b$in[e+fx])"‘(c+dSin[e+-Fx])" (A+Bsin[e+fx])dx whenbc-ad#@ A a>-b>#0 A c>-d*’#@ Am>1 An<-1

1: j(a+bsin[e+fx])z (c+dSin[e+-Fx])" (A+BSin[e+-Fx])d1x whenbc-ad#0 A a2-b?#0 A c2-d?#0 A n<-1

Derivation: Nondegenerate sine recurrence lawithA - aA, B~ Ab+aB, C>bB, m>m-1, p—> 90

Rule:lf bc-ad+0 A a?-b%>+0 A c?-d>+0 A n< -1,then

j(a+bsin[e+fx])z (c+dsin[e+fx])" (A+Bsin[e+fx]) dx —

(Bc-Ad) (bc-ad)2Cos[e+fx] (c+dsin[e+fx])™

fd? (n+1) (c*-d?)
1

J(c+d$in[e+fx])"+1.
d* (n+1) (c®-d?)

(d(n+1) (B(bc-ad)?-Ad (a’c+b’c-2abd)) -
((Bc-Ad) (a®d* (n+2) +b? (c?+d* (n+1))) +2abd (Acd (n+2) -B (c*+d? (n+1)))) Sin[e+fx] -
b*Bd (n+1) (c*-d?) Sin[e+fx]2) dx

Program code:

Int[(a_.+b_.#sin[e_.+f_.#x_])"2x(c_.+d_.*sin[e_.+f_.»x_])"n_(A_.+B_.xsin[e_.+f_.#x_]),x_Symbol] :=
(Bxc-Axd) * (bxc-axd) *2xCos [e+-F*x] * (c+d*Sin [e+-F*x] ) n (n+1)/(-F*d"2* (n+1) % (c”*2-d”2) ) -
1/ (d*2% (n+1) » (c*2-d*2) ) »Int [ (C+d*Sin [e+'F*X] )" (n+1) =
Simp [d* (n+1) » (Bx (bxc-axd) *2-Axd* (a*2xc+b”"2xc-2xaxbxd) ) -
((BxCc-Axd) * (a”2%d"2% (n+2) +b"2% (c*2+d"2% (n+1) ) ) +2*xaxbxd* (Axc*xd* (n+2) -Bx (c*2+d”*2% (n+1)))) *Sin [e+f*x] -
br24Bxdx (n+1) » (c"2-d"2) xSin [e+Ffxx]*2,x],x] /;
FreeQ[{a,b,c,d,e,f,A,B},x| & NeQ[bxc-axd,0] & NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0] && LtQ[n,-1]



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x]) 19

2: j(a+bsin[e+fx])"'(c+dSin[e+-Fx])" (A+BSin[e+-Fx])d1x whenbc-ad#0 A a2-b2#0 A c2-d?2#0 Am>1 A n<-1

Derivation: Nondegenerate sine recurrence lawithA - aA, B-Ab+aB, C>bB, m>m-1, p—> 90

Rule:if bc-ad+0@ A a?-b%2+20 Ac?2-d>+0 Am>1 A n< -1,then

j(a+bsin[e+fx])m (c+dsin[e+fx])" (A+Bsin[e+fx]) dx —

(bc-ad) (Bc-Ad) Cos[e+fx] (a+bsin[e+fx])"" (c+dsin[e+fx])"*
- +

df (n+1) (c?-d?)

1
d(n+1) (c*-d?)
(b (bc-ad) (Bc-Ad) (m-1) +ad (aAc+bBc- (Ab+aB)d) (n+1) +
(b (bd (Bc-Ad) +a(Acd+B (c*-2d?))) (n+1) -a(bc-ad) (Bc-Ad) (n+2))Sin[e+fx] +
b(d(Abc+aBc-aAd) (m+n+1) -bB (c’>m+d> (n+1))) Sin[e+fx]?) dx

J(a+b5in[e+fx])'“'2 (c+dsin[e+fx])™.

Program code:

Int[(a_.+b_.#sin[e_.+f_.#x_] ) m_#(c_.+d_.xsin[e_.+f_.»x_])~n_(A_.+B_.#sin[e_.+f_.+x_]),x_Symbol] :=
—(b*c—a*d)*(B*c—A*d)*Cos[e+f*x]*(a+b*Sin[e+f*x])A(m—l)*(c+d*sin[e+f*x])A(n+1)/(d*f*(n+1)*(cA2—dA2)) +
1/ (d* (n+1) x (c*2-d”2) ) *Int [ (a+b*Sin [e+f*x] )" (m-2) (c+d*S:i.n [e+f*x] ) A(n+l) *

Simp [b* (bxc-axd) * (Bxc-Axd) x (m-1) +axdx (axAxc+bxBxc- (Axb+a%B) xd) » (n+1) +
(b*(b*d*(B*c—A*d)+a*(A*c*d+B*(cA2—2*dA2)))*(n+1)—a*(b*c—a*d)*(B*c—A*d)*(n+2))*Sin[e+f*x]+
bx (d* (Axbxc+a*BxC-axAxd) * (m+n+1) -b*Bx (c*2xm+d”2% (n+1) ) ) *Sin [e+'F*X] "Z,X] ,X] /3
FreeQ[{a,b,c,d,e,f,A,B},x] & NeQ[bxc-ad,0] & NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0] && GtQ[m,1] & LtQ[n,-1]

2: J(a+bsin[e+fx])"'(c+dsin[e+fx])" (A+Bsin[e+fx])dx whenbc-ad#@ A a*>-b?>#0 A c*-d*#0 Am>1 An¢-1

Derivation: Nondegenerate sine recurrence 1b withA - aA, B>Ab+aB, C>bB, m>m-1, p-> 0

Rule:if bc-ad+0 A a?2-b2+0 A c?2-d>’20 Am>1 A n ¢ -1,then



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

j(a+bsin[e+fx])m (c+dsin[e+fx])" (A+Bsin[e+fx]) dx —

bBCos[e+fx] (a+bSin[e+1:x])'"'1 (c+dSin[e+1=x])n+1

+
df (m+n+1)

1
_— b si £x])"2 dsi f£x])"
dmenad) J(a+ 1n[e+ x]) (c+ 1n[e+ x])

(a?Ad (m+n+1) +bB (bc (m-1) +ad (n+1)) +
(ad (2Ab+aB) (m+n+1) -bB (ac-bd (m+n))) Sin[e+Fx] +

b(Abd (m+n+1) -B (bcm-ad (2m+n))) Sin[e+ fx]?) dx

Program code:

Int[(a_.+b_.#sin[e_.+f_.#x_] ) m_«(c_.+d_.xsin[e_.+f_.»x_])~n_ (A_.+B_.#sin[e_.+f_.+x_]),x_Symbol] :=
-bxBxCos [e+-F*x] * (a+b*Sin [e+'F*X] ) A(m-1) » (c+d*Sin [e+f*X] ) 2 (n+1)/(d*f* (m+n+1) ) +
1/ (d* (m+n+1)) xInt [ (a+b*sin [e+'F*x] )" (m-2) % (c+d*Sin [e+'F*x] ) Anx
Simp [a"Z*A*d* (m+n+1) +b*B* (bxcx (m-1) +axd* (n+1) ) +
(axd* (2xAxb+a%B) x (m+n+1) -bxBx (axc-bxd* (m+n) ) ) *Sin [e+'F*X] +
bx (Axbxdx (m+n+1) -Bx (bxcxm-axdx (2xm+n) ) ) *Sin [e+f*x] "2,x] ,x] /3
FreeQ[{a,b,c,d,e,f,A,B,n},x| && NeQ[bxc-a+d,0] & NeQ[a~2-b"2,0] & NeQ[c"2-d"2,0] && GtQ[m,1] & Not[IGtQ[n,1] &&
(Not[IntegerQ[m]] || EqQ[a,0] && NeQ[c,0])]

2. j(a+bsin[e+fx])m (c+d5in[e+1=x])n (A+BSin[e+fx]) dx whenbc-ad#0 A a2-b2#0 A c2-d?#0 Am< -1

\c+dsin[e+fx] (A+Bsin[esfx])

dx whenbc-ad#0 A a2-b%>#0 A c2-d?#0
a+b51n[e+1:x])3/2

J\/c+d51n[e+fx] (A+Bsin[e+fx])

bSln[e+-Fx])3/2

dx when c2-d?#0

Derivation: Algebraic expansion

Basis: (A+Bz) \/c+d z _ Bd+bz + Ac+ (Bc+Ad) z

(bz)3? © b2+/cidz (bz)3/2~/c+d z
Rule:if bc —ad 0 A c?-d? # 0,then
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Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

'\/c+dSin[e+fx] (A+BsSin[e+fx]) ’\/bSln[e+fx J Ac+ (Bc+Ad) Sin[e + fx]
dx

(bSin[e+fx])3/2 \/c+d51n[e+fx] bSin[e+fx])3/2\/c+dSin[e+fx]

Program code:

Int[Sqrt{c_+d_.+sin[e_.+f_.xx_] ]+ (A_.+B_.xsin[e_.+f_.»x_])/(b_.*sin[e_.+f_.+x_])"(3/2),x_Symbol] :=
Bxd/b 2+Int[Sqrt[bxSin[e+f+x]]/Sqrt[c+dsSin[e+fxx]],x] +
Int [ (A*C+ (BxCc+Axd) *Sin [e+f*x] )/( (b*Sin [e+f*x] )" (3/2) *Sqrt [c+d*Sin [e+f*x] ] ) ,x] /3
FreeQ[{b,c,d,e,f,A,B},x] & NeQ[c"2-d"2,0]

dx whenbc-ad#0 A a>-b%2#0 A c2-d?#0

. J\/cmsm[emx] (A+BSin[e+fx])

(a+bSin[e+-Fx])3/2

Derivation: Algebraic expansion

A+tBz __ B Ab-aB
atbz b b (a+b z)

Rule:lf bc-ad+0 A a2-b2+0 A c?-d? +09,then

J'\/c+d51n[e+fx] (A+BSin[e+-Fx]) B E\J"\/c+dsin[e+fx] d]x+Ab—aBJ\/C+dSiﬂ[e+fX]
b (

dx
a+b51n[e+-Fx])3/2 b a+bSin[e+-Fx])3/2

Basis:

\/a+bSin[e+-Fx]

Program code:

Int[Sqrt{c_.+d_.xsin[e_.+f_.4x_]]*(A_.+B_.#sin[e_.+f_.+x_])/(a_+b_.xsin[e_.+f_.xx_])"(3/2),x_Symbol] :=
B/bxInt[Sqrt[c+d«Sin[e+fxx]]/Sqrt[a+bsSin[e+fxx]],x] +
(Axb-axB) /bxInt [Sqr't [c+d*Sin [e+'F*x] ]/(a+b*sin [e+f*x] ) ~(3/2) ,x] /3

FreeQ[{a,b,c,d,e,f,A,B},x| & NeQ[bxc-axd,0] & NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0]



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x]) 22

A+BSin[e+fX]
2. dx whenbc-ad#0 A a2-b%>#0 A c2-d*#0
(a+bSin[e+fx])3/2\/c+dsin[e+fx]
A+BSin[e+fx]
1: dx when a2 -b2#0
(a+bsin[es+fx])**+/dsin[e+fx]
Derivation: Nondegenerate sine recurrence lawithc -0, C -0, m— - %, n- - %, p—0
Rule: If a2 - b% # 9, then
J A+BSin[e+fx] 2 (Ab-aB) Cos[e+fX| d Ab-aB+ (aA-bB) Sin[e + fx]
dx — + 2 N dx
(a+bSin[e+fx])3/2\/dsin[e+fx] f(az—bz)\/a+bsin[e+fx] \/dSin[e+fx] (a? - b?) \/a+bSin[e+-Fx] (dSin[e+-Fx])3/2

Program code:

Int[(A_.+B_.+sin[e_.+f_.*x_])/((a_+b_.*sin[e_.+f_.+x_])~(3/2)+Sqrt[d_.+sin[e_.+f_.+x_]]),x_Symbol] :=
2x (Axb-axB) xCos [e+f*x]/(f* (a”2-b”2) xSqrt [a+b*Sin [e+'F*X] ] *Sqrt [d*Sin [e+'F*X] ] ) +
d/ (a*2-b”2) xInt [ (A*b—a*B+ (axA-bxB) *Sin [e+'F*x] )/(Sqr't [a+b*sin [e+'F*x] ] * (d*Sin [e+'F*x] ) ~(3/2) ) ,x] /3
FreeQ[{a,b,d,e,f,A,B},x] & NeQ[a"2-b"2,0]

A+BSin[e+-Fx]
2. dx whenbc-ad#0 A a®-b%2#0 A c2-d*#0
(a+bSin[e+-Fx])3/2\/c+dSin[e+-Fx]
A+BSin[e+-Fx]
1. dx whenbc-ad#0 A a2-b>#0 A c2-d?#0 A A==B
(a+bSin[e+fx])3/2\/c+dSin[e+-Fx]

A+BSin[e+fx]
1. dx when c2-d?#0 A A=B
(

bSin[e+-Fx])3/2\/c+dSin[e+fx]

A+BSin[e+fx] }
1: dlxwhencz—d2¢0AA==BA%>0

bSin[e+fx])3/2\/c+dSin[e+fx]

Rule:If ¢ -d?+@ A A==B A <9 > 0,then



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

J A+BSln[e+fx]
dx —
(bSin[e+-Fx])3/2\/c+dSin[e+fx]

_2A(c—d)Tan[e+-Fx] ,c+d\/ 1+Csc[e+-Fx]) \/c(l—Csc[e+fx]) EllipticE[Ar‘cSm[\/c+d51n[e+fx]/ 'c+d c+d
f b c? c+d

bSln[e+-Fx

Program code:

Int[(A_+B_.xsin[e_.+f_.xx_])/((b_.#sin[e_.+f_.+x_])~(3/2)+Sqrt[c_+d_.+sin[e_.+f_.+x_]]),x_Symbol] :=
-2#Ax (c-d) Tan [e+fxx] / (Fxbxc2) xRt [ (c+d) /b, 2] Sqrt [c+ (1+Csc[e+Ffxx]) /(c-d) | +Sqrt[cx (1-Csc[e+fxx]) /(c+d) | *
EllipticE[ArcSin[Sqrt[c+d+Sin[e+fxx]]/Sqrt[bsSin[e+f+x]]/Rt[(c+d)/b,2]],- (c+d)/(c-d)] /;
FreeQ[{b,c,d,e,f,A,B},x] & NeQ[c"2-d"2,0] && EqQ[A,B] && PosQ[ (c+d) /b]

A+BSin[e+fx] 4
2: dlxwhencz—dz;éO/\A::B/\%}O

bsin[e+fx])*2/c+dsinfe+fx]
Derivation: Piecewise constant extraction
Basis: O VDD 0
* VFIx]

Rule:If c2-d2+0 A A=B A %;&@,then

J A+BSin[e+fx] \/ -bsin[e + fx] J A+BSin[e +fx]
( (

dx — - dx

bSin[e+fx])3/2\/c+dSin[e+-Fx] '\/bsin[e+fx]

—bSin[e+fx])3/z\/c+dSin[e+-Fx]

Program code:

Int[(A_+B_.xsin[e_.+f_.»x_])/((b_.#sin[e_.+f_.+x_])~(3/2)+Sqrt[c_+d_.+sin[e_.+f_.»x_]]),x_Symbol] :=
-Sqrt[-bxSin[e+fxx]]/Sqrt[bsSin[e+fsx] ] +Int[ (A+BxSin[e+fxx])/((-bxSin[e+f+x])~(3/2) +Sqrt[c+d+Sin[e+Ffxx]]),x] /;
FreeQ[{b,c,d,e,f,A,B},x] & NeQ[c"2-d"2,0] & EqQ[A,B] && NegQ[ (c+d)/b]
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Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x]) 24

A+BSin[e+fx]
2. dx whenbc-ad#0 A a2-b2#0 A c2-d?’#0 A A=B
(a+bSin[e+-Fx])3/2\/c+dSin[e+fx]

A+BSin[e+-Fx] X
1: dlxwhenbc—ad#OAaz—b2¢0Ac2—dz¢0AA==BA::d>0
(a+bSin[e+fx])3/2\/c+dSin[e+fx]

Rule:lf bc-ad+0 A a?-b2+0 A c?-d>+0 AA==B A %>0,then

J‘ A+BSin[e+fx]
dx —
(a+bsin[e+fx])*?+/c+dsin[e+fx]

2A (c-d) (a+bsin[e+fx]) \l (bc-ad) (1+sSinfe+fx])

(c-d) (a+bsin[e+fx])

f(bc-ad)?,[| &L Cos[e + fx]

c+d

bc-ad) (1-Si f d Si f -
_( c-s )( 1n[e+ X]) EllipticE[ArcSin[ a+b \/c+ 1n[e+ X] ], (2-5 (c+d)]
(c+d) (a+bsin[e+fx]) N c+d (a+b) (c-d)

\a+bsin[e+fx]

Program code:

Int[(A_+B_.xsin[e_.+f_.xx_])/((a_+b_.*sin[e_.+f_.xx_])~(3/2) *Sqrt[c_+d_.xsin[e_.+f_.»x_]]),x_Symbol] :=
-2xAx (c-d) * (a+b*Sin [e+f*x] )/(f* (bxc-axd) ~2xRt [ (a+b) / (c+d) ,2] *Cos [e+f*x] ) *
Sqrt [ (bxc-axd) (1+Sin [e+'F*X] )/( (c-d) * (a+b*Sin [e+'F*X] ) ) ] *
Sqrt [— (bxc-axd) * (1-Sin [e+‘F*x] )/( (c+d) » (a+b*sin [e+‘F*x] ) ) ] *
EllipticE[ArcSin[Rt[(a+b)/ (c+d),2]+Sqrt[c+d«Sin[e+fxx] ]/Sqrt [a+bxSin[e+fxx]]], (a-b) * (c+d) / ((a+b) » (c-d))] /;
FreeQ[{a,b,c,d,e,f,A,B},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] & NeQ[c"2-d"2,0] & EqQ[A,B] && PosQ[ (a+b)/(c+d)]



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

A+BSin[e+fX] b
2: dlxwhenbc—ad;w/\az—bz;te/\cz—dz;&e/\A::B/\:fd}a
(a+bSin[e+fx])3/2\/c+dsin[e+fx]

Derivation: Piecewise constant extraction

Basis: Oy VEX g

VFIx]
 Rule:lfbc-ad#@Aa2-b228Ac2-d2+0 AA=B A %}O,then
J‘ A+BSin[e+fx] ix J-c-dSﬂﬂe+fx] A+BSin[e+fx] ix
(a+bsin[e+fx])*¥*/c+dsin[e+fx] Nc+dsin[e+fx] J (a+bsin[e+Fx])**+/-c-dsin[e+Fx]

Program code:

Int[(A_+B_.xsin[e_.+f_.xx_])/((a_+b_.*sin[e_.+f_.xx_])~(3/2) *+Sqrt[c_+d_.xsin[e_.+f_.»x_]]),x_Symbol] :=
Sqrt[-c-dSin[e+fxx] ]/Sqr't [c+dxSin[e+fxx] ]| +Int[ (A+BxSin[e+fxx] )/ ((a+b*Sin [e+fxx])"(3/2) Sqrt[-c-d«Sin[e+fxx]]),x] /;
FreeQ[{a,b,c,d,e,f,A,B},x| & NeQ[bxc-axd,0] & NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0] && EqQ[A,B] & NegQ[ (a+b)/(c+d)]

A+BSin[e+-Fx]
2: dx whenbc-ad#0 A a2-b%>#0 A c2-d?2#0 A A#B
(a+bSin[e+fx])3/2\/c+dSin[e+-Fx]

Derivation: Algebraic expansion

A+B z - A-B _ _(Ab-aB) (1+z)
(a+b z)3/2 (a-b) /a+b z (a-b) (a+bz)3/?

Basis:

Rule:if bc-ad+0 A a?-b%>+0 A c>2-d?>+0 A A +B,then

J A+BSin[e+-Fx]
dx —
(a+bSin[e+-Fx])3/2\/c+dSin[e+-Fx]
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Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

Ab—aBJ 1+Sin[e+fx]
X - dx
(

A-B 1
d
a_bJ\\/a+bSin[e+fx] —\/c+dsin[e+fx] a-b a+bSin[e+fx])3/2\/c+dSin[e+fx]

Program code:
Int[(A_.+B_.#sin[e_.+f_.xx_])/((a_.+b_.*sin[e_.+f_.+x_])~(3/2) »Sqrt[c_+d_.+sin[e_.+f_.+x_]]),x_Symbol] :=
(A-B) / (a-b) xInt[1/(Sqrt[a+bSin[e+fsx]]+Sqrt[c+d+Sin[e+fxx]]),x] -

(Axb-axB) / (a-b) xInt [ (1+Sin [e+‘F*x] )/( (a+b*Sin [e+'F*x] )" (3/2) *Sqrt [c+d*Sin [e+'F*x] ] ) ,x] /3
FreeQ[{a,b,c,d,e,f,A,B},x| & NeQ[bxc-axd,0] & NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0] && NeQ[A,B]

3. J(a+bsin[e+fx])"'(c+dSin[e+-Fx])" (A+Bsin[e+fx])dx whenbc-ad#0 A a>-b?#0 A c*-d’#0 A m<-1

1: ~J‘(a+bSin[e+-Fx])'"(c+dSin[e+-Fx])" (A+BSin[e+-Fx])dlx whenbc-ad#0 A a2-b2#0 A c2-d’#0 Am<-1An>0

Derivation: Nondegenerate sine recurrence lawithC - 0, p > 0

Rule:if bc-ad+0@ A a?-b%2+#0@ A c?-d>+0 Am< -1 A n>0,then

~J‘(a+bSin[e+-Fx])m (c+dsin[e+fx])" (A+Bsin[e+fx]) dx —

(Ba-Ab) Cos[e+fx] (a+bsin[e+fx])™ (c+dsin[e+Ffx])"
+
f (m+1) (a*-b?)
;J‘(a+bsin[e+fx])m+l (c+dSin[e+fx])"'1-
(m+1) (a%-b?)

@(aA-bB)(m+1)+dn(Ab-aB)+(d(aA-bB)(m+1)-c(Ab-aB)(m+n)51nh+fx]-d(Ab-aB)(m+n+2)ane+fxr)dx

Program code:

Int[(a_.+b_.#sin[e_.+f_.#x_]) m_«(c_.+d_.xsin[e_.+f_.»x_])~n_(A_.+B_.#sin[e_.+f_.+x_]),x_Symbol] :=
(Bxa-Axb) xCos [e+f*x] * (a+b*Sin [e+'F*X] )" (m+1) % (c+d*Sin [e+'F*x] ) "n/(-F* (m+1) » (a*2-b”2) ) +
1/ ((m+1) » (a"2-b"2) ) »Int [ (a+b#Sin[e+fxx] )" (m+1) » (c+d*Sin[e+fxx] )~ (n-1) »
Simp [cx (a*A-bB) x (m+1) +dxn+ (Axb-axB) + (d (axA-bxB) x (M+1) -Cx (Axb-axB) » (m+2) ) #Sin[e+f»x] -dx (Axb-a*B) # (m+n+2) +Sin[e+fxx]"2,x],x] /;
FreeQ[{a,b,c,d,e,f,A,B},x| && NeQ[bxc-a+d,0] && NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0] & LtQ[m,-1] && GtQ[n,O]
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Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x]) 27

2: j(a+bsin[e+fx])"'(c+dSin[e+-Fx])" (A+BSin[e+-Fx])dlx whenbc-ad#0 A a2-b2#0 A c2-d?2#0 Am<-1An30

Derivation: Nondegenerate sine recurrence 1cwithC - 9, p > 0

Rule:lf bc-ad+0 A a?-b%2+20 A c?2-d>+0 Am< -1 A n % 0,then

J.(a+bsin[e+-Fx])m (c+dsin[e+fx])" (A+Bsin[e+fx]) dx —

b (Ab-aB) Cos[e+fx]| (a+bsin[e+fx])™" (c+dsin[e+fx])"?

+

f(m+1) (bc-ad) (a’-b?)
1

a+bsSinfe+fx])™ (c+dsinfe+fx])"-
(m+1) (bc-ad) (a-b?) J( [ 1™ | [ 1)

((aA-bB) (bc-ad) (m+1) +bd (Ab-aB) (m+n+2) + (Ab-aB) (ad (m+1) -bc (m+2)) Sin[e+fx] -bd (Ab-aB) (m+n+3) Sin[e+fx]2) dx

Program code:

Int[(a_.+b_.#sin[e_.+f_.xx_]) m_x(c_.+d_.«sin[e_.+f_.#x_])"n_x(A_.+B_.xsin[e_.+f_.#x_]),x_Symbol] :=
- (Axb”*2-axbxB) xCos [e+f*x] * (a+b*Sin [e+f*x] ) A(m+1) * (c+d*Sin [e+f*x] )" (1+n)/(f* (m+1) = (bxc-axd) x (a*2-b"2) ) +
1/ ((m+1) » (bxc-a*d) * (a*2-b~2) ) »Int [ (a+bxSin[e+Ffxx] )~ (m+1) » (c+dxSin[e+Ffxx] ) n«
Simp[ (axA-bxB) * (bxc-axd) * (m+1) +bxd* (Axb-a*B) * (m+n+2) +
(Axb-axB) * (a*d* (m+1) -bxc* (m+2) ) *Sin [e+'F*x] -
bxdx (Axb-axB) * (m+n+3) *Sin [e+f*x] "2,x] ,x] /3
FreeQ[{a,b,c,d,e,f,A,B,n},x| && NeQ[bxc-a+d,0] & NeQ[a"2-b"2,0] & NeQ[c"2-d"2,0] && RationalQ[m] && m<-1 &&
(EqQ[a,0] && IntegerQ[m] && Not[IntegerQ[n]] || Not[IntegerQ[2xn] && LtQ[n,-1] && (IntegerQ[n] && Not[IntegerQ[m]] || EqQ[a,0])])



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

(a+bSin[e+fx])'" (A+BSin[e+fx])
S.J dx whenbc-ad#0 A a2-b?#0 A c2-d?#0

c+dSin[e+-Fx]

dx whenbc-ad#0 A a2-b%2#0 A c2-d?#0

_ A+BSin[e+ fx]
1.‘f(

a+bsSin[e+fx]) (c+dsin[e+fx])

Derivation: Algebraic expansion

H A+B z o Ab-aB Bc-Ad
Basis: (a+bz) (c+dz) =~ (bc-ad) (a+bz) (bc-ad) (c+dz)
Rule:lf bc-ad+0 A a2-b2+0 A c?-d? +9,then
+ B Si +f - -
J A+BSin[e+ fx] ix Ab aB\f 1 d1X+Bc Ad~J 1 .
(a+bSin[e+'Fx]) (c+dSin[e+'Fx]) bc-ad a+bSin[e+fx] bc-ad c+dSin[e+-Fx]

Program code:

Int[(A_.+B_.#sin[e_.+f_.*x_])/((a_.+b_.*sin[e_.+f_.xx_])(c_.+d_.+sin[e_.+f_.+x_])),x_Symbol] :=
(Axb-axB) / (bxc-axd) *Int [1/(a+b*sin [e+-F*x] ) _,X] + (Bxc-Axd) / (bxc-axd) »xInt [1/(c+d*Sin [e+-F*x] ) ,X] /5
FreeQ[{a,b,c,d,e,f,A,B},x| & NeQ[bxc-axd,0] & NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0]
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Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

dx whenbc-ad#0 A a2-b?#0 A c2-d?>#0

_ (a+bsin[e+fx])" (A+BSin[e+fx])
z J c+dsinfe+fx]

Derivation: Algebraic expansion

ice AxBz __ B _Bc-Ad
Basis: c+dz  d d (c+d z)

Rule:lf bc-ad+0 A a2-b%2+0 A c?-d? +0,then

~J-(a+bSin[e+-Fx])m (A+BSin[e+fx]) Bc-Ad J-(a+bsin[e+fx])"'

dlx—»%J.(a+bSin[e+-Fx])"'dlx— y

dx

c+dSin[e+-Fx] c+dSin[e+-Fx]

Program code:

Int[(a_.+b_.#sin[e_.+f_.«x_])~m_x(A_.+B_.#sin[e_.+f_.+x_])/(c_.+d_.+sin[e_.+f_.xx_]),x_Symbol] :=
B/d+Int[ (a+bsSin[e+fxx])"m,x] - (Bxc-Axd)/d+Int[(a+bxSin[e+fxx]) m/(c+dsSin[e+fsx]),x] /;
FreeQ[{a,b,c,d,e,f,A,B,m},x| && NeQ[bxc-a+d,0] & NeQ[a"2-b"2,0] & NeQ[c"2-d"2,0]
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Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

4: J\/a+bsin[e+fx] (c+dSin[e+-Fx])n (A+BSin[e+-Fx])d1x whenbc-ad#0 A a2-b?#0 A c2-d?#0 A n2==i

Derivation: Nondegenerate sine recurrence 1b withA -~ Ac, B-Bc+Ad, C»Bd, n>n-1, p->0

Rule:lif bc-ad+0 A a?2-b2+0 A c?2-d?>+0 A n? = %,then

JA\/a+bSin[e+-Fx] (c+dsin[e+fx])" (A+Bsin[e+fx])dx —

2BCos[e+-Fx]\/a+bSin[e+-Fx] (c+dSin[e+-Fx])" 1 J\(c+dsin[e+-Fx])"‘1
_ + .

f(2n+3) 2n+3 '\/a+bSin[e+-Fx]

(aAc(2n+3)+B(bc+2adn)+(B(ac+bd)(2n+1)+A(bc+ad)(2n+n)sinh+fx]+(Abd(2n+3)+B(ad+2bcn))shqe+fxr)dx

Program code:

Int[Sqrt[a_.+b_.xsin[e_.+f_.#x_]]*(c_.+d_.#sin[e_.+f_.xx_]) n_«(A_.+B_.#sin[e_.+f_.xx_]),x_Symbol] :=
-2xBxCos [e+'F*x] *Sqrt [a+b*Sin [e+f*x] ] * (c+d*S:i.n [e+f*x] ) "n/(f* (2*n+3) ) +
1/ (2#n+3) +Int[ (c+d«Sin[e+fxx]) " (n-1) /Sqrt[a+b+Sin[e+fxx] ]«
Simp [a*A*c* (2%¥n+3) +B* (bxc+2xaxdxn) +
(Bx (axCc+bxd) * (2%xn+1) +Ax (bxc+axd) » (2xn+3) ) *Sin [e+'F*X] +
(Axbxdx (2xn+3) +Bx (axd+2xbxcxn) ) *Sin [e+'F*x] "Z,x] ,x] 78
FreeQ[{a,b,c,d,e,f,A,B},x]| & NeQ[bxc-axd,0] & NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0] && EqQ[n"2,1/4]
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Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

A+BSin|e+fx
[ ] dx whenbc-ad#0 A a2-b?#0 A c2-d?>#0

'\/a+bSin[e+-Fx] \/c+dSin[e+fx]

A+BSin|e+ fx
[ ] dx whenb>0 A b2-a2>0 A A==B

\a+bsin[e+fx] +/dsin[e+fx]

A+BSin[e+'Fx]

1 dx whenb>0 A b2-a2>0 A A==

. '\/Sin[e+fx] \/a+b5in[e+fx]

Derivation: Algebraic expansion

Basis:If b>0 A b-a>0,thenva+bz =+/1+2z /202

1+z

Rule:1f b>0 A b2-a?>0 A A= B,then

A+BSin[e+fXx] Cos[e +fx] a-b

dx — LI EllipticPi[—l, —Ar'cSin[ - ], - ]
\/Sin[e+fx] \/a+bSin[e+fx] fVva+b 1+sin[e+fx] a+b

Program code:

Int[(A_+B_.xsin[e_.+f_.»x_])/(Sqrt[sin[e_.+f_.#x_]]*Sqrt[a_+b_.+sin[e_.+f_.xx_]]),x_Symbol] :=
4xA/ (fxSqrt[a+b]) +EllipticPi[-1,-ArcSin[Cos [e+fxx]/(1+Sin[e+f+x])],- (a-b)/ (a+b)] /;
FreeQ[{a,b,e,f,A,B},x] && GtQ[b,0] & GtQ[b*2-a"2,0] && EqQ[A,B]



Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

A+BSinfe+fx
[ ] dx whenb>0 A b2-a?2>0 A A==B

\/a+bSin[e+fx] '\/dSin[e+-Fx]

Derivation: Piecewise constant extraction

Basis: 9, Aflzl

\df[z]
Rule: If a2 - b%? + @ A A == B, then

A+BSin[e+-Fx] \/Sin[e+fx] A+BSin[e+fx]
—

dx

\/a+b5in[e+fx] '\/dSin[e+-Fx] \/dSin[e+fx] \/Sin[e+fx] \/a+bSin[e+-Fx]

Program code:

Int[(A_+B_.xsin[e_.+f_.»x_])/(Sqrt[a_+b_.+sin[e_.+f_.xx_]]*Sqrt[d_ssin[e_.+f_.»x_]]),x_Symbol] :=
Sqrt[sin[e+fxx]]/Sqrt[d«Sin[e+f+x] ] +Int[ (A+B+Sin[e+fxx])/(Sqrt[Sin[e+fsx]]*Sqrt[a+bsSin[e+fxx]]),x] /;
FreeQ[{a,b,e,f,d,A,B},x] & GtQ[b,0] && GtQ[b"2-a"2,0] & EqQ[A,B]

dx
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Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

A+BSinfe+fx
[ ] dx whenbc-ad#0 A a2-b%2#0 A c2-d?#0

\/a+bSin[e+fx] \/c+dSin[e+-Fx]

Derivation: Algebraic expansion

Basis: A+Bz __ Brcydz _ _Bc-Ad
" Jcidz d dvc+dz
Rule:lf bc-ad+0 A a2-b%2+0 A c?-d? +0,then
A+BSin[e+fXx] B \/c+dsin[e+-Fx] Bc-Ad 1
dx — — dx - d
'\/a+b5in[e+fx] \/c+dSin[e+fx] d '\/a+bSin[e+-Fx] d \/a+bSin[e+fx] \/c+dSin[e+-Fx]

Program code:
Int[(A_.+B_.#sin[e_.+f_.xx_])/(Sqrt[a_+b_.xsin[e_.+f_.«x_]]*Sqrt[c_.+d_.xsin[e_.+f_.«x_]]),x_Symbol] :=
B/d+Int[Sqrt[c+d«Sin[e+fxx]]/Sqrt[a+bsSin[e+fxx]],x] -

(Bxc-Axd) /dxInt[1/(Sqrt[a+bxSin[e+fsx]]+Sqrt[c+d+Sin[e+fsx]]),x] /;
FreeQ[{a,b,c,d,e,f,A,B},x| && NeQ[bxc-axd,0] && NeQ[a~2-b"2,0] && NeQ[c"2-d"2,0]

X: J(a+bsin[e+fx])'" (c+dSin[e+-Fx])n (A+BSin[e+fx]) dx whenbc-ad#0 A a2-b?#0 A c2-d?#0

Rule:if bc-ad+0 A a2-b%>+0 A c?-d? +0,then

j(a+bsin[e+fx])m (c+dsin[e+fx])" (A+Bsin[e+fx]) dx — J(a+bsin[e+fx])m (c+dsin[e+fx])" (A+Bsin[e+fx]) dx

Program code:

Int[(a_.+b_.#sin[e_.+f_.#x_] ) m_«(c_.+d_.xsin[e_.+f_.»x_]) n_.#(A_.+B_.»sin[e_.+f_.xx_]),x_Symbol] :=
Unintegrable[ (a+bxSin[e+fxx])"mx (c+dxSin[e+fxx]) n« (A+BxSin[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f,A,B,m,n},x| & NeQ[bxc-a+d,0] && NeQ[a"2-b"2,0] & NeQ[c"2-d"2,0]

X
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Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

Rules for integrands of the form (a + bSin[e + fx])" (c +dSin[e + fx])" (A+BSin[e + fx])P

x:Jka+bﬁnh+fx”m(c+dﬁnh+fx”"(A+Bﬁnh+fx”deWMnbc+ad=0Aaz—wne/\mez

Derivation: Algebraic simplification
Basis:If bc +ad =0 A a®>-b?==0,then (a+bSin[z]) (c+dSin[z]) ==acCos[z]?
Rule:lf bc+ad=0 A a2-b?==0 A me Z,then

f(a+bsin[e+fx])m (c+dsin[e+fx])" (A+Bsin[e+fx])?dx — a'“c'“jCos[e+fx]2'" (c+dsin[e+fx])"™ (A+BsSin[e+fx])"dx

Program code:

(» Int[(a_+b_.#sin[e_.+f_.#x_] ) m_« (c_+d_.xsin[e_.+F_.#x_]) n_«(A_.+B_.xsin[e_.+f_.»x_])"p_,x_Symbol] :
a’mxc mxInt[Cos[e+fxx]~ (2xm) » (c+dxSin[e+fxx])~ (n-m) » (A+BxSin[e+Ffxx]) p,x] /;
FreeQ[{a,b,c,d,e,f,A,B,n,p},x]| && EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] & IntegerQ[m] &&
Not [IntegerQ[n] && (LtQ[m,0] &% GtQ[n,0] || LtQ[O,n,m] || LtQ[m,n,0])] =)

( Int[(a_+b_.xcos[e_.+f_.#x_] ) m_«(c_+d_.xcos[e_.+Ff_.#x_])~n_«(A_.+B_.xcos[e_.+f_.»x_])"p_,x_Symbol] :
armxcrmsInt[Sin[e+fxx]~ (2xm) « (c+dxCos[e+Fxx] )~ (n-m) « (A+BxCos [e+Ffxx] ) p,x] /;
FreeQ[{a,b,c,d,e,f,A,B,n,p},x| && EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] & IntegerQ[m] &&
Not [IntegerQ[n] && (LtQ[m,0] && GtQ[n,0] || LtQ[O,n,m] || LtQ[m,n,0])] =*)
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Rules for integrands of the form (a+b sin(e+f x)~"m (c+d sin(e+f x))~n (A+B sin[e+f x])

2: J(a+bsin[e+fx])m(c+dSin[e+fx])" (A+BSin[e+fx])Pdx whenbc+ad=0 A a>-b*=0 AMEZ ANEZ A PEZ

Derivation: Piecewise constant extraction and integration by substitution

Basis:If bc +ad =0 A a2 - b? = @, then 0, Ya+bsinlexfxl veedSinfesfx]
’ ’ X Cos [e+f X]

Basis: Cos[e + f x] = ¢ xSin[e + fx]

Rule:if bc+ad=0 A a’-b?>==0 Ame¢Z A n¢Zz,then

J(a+bsin[e+fx])m (c+dsin[e+fx])" (A+Bsin[e+fx])?dx —

\/a+bSin[e+-Fx] \/c+dsin[e+fx] ) ol . ot . .
Cos[e+fx] (a+b51n[e+-Fx]) 7 (c+d51n[e+fx]) 2 (A+B51n[e+fx]) dx —

Cos[e+fx]

\/a+bSin[e+-Fx] \/c+dsin[e+fx]

Subst[j(a+bx)m'; (c+dx)"';' (A+Bx)Pdx, x, Sin[e+fx]]
fCos[e+fx]

Program code:

Int[(a_+b_.»sin[e_.+f_.»x_])"m_.#(c_+d_.+sin[e_.+f_.#x_] ) n_.»(A_.+B_.*sin[e_.+f_.xx_])"p_,x_Symbol] :
Sqrt[a+bxSin[e+fxx] ] +Sqrt[c+d+Sin[e+fxx]]/(FxCos[e+fxx])
Subst [Int[ (a+bxx)" (m-1/2) » (c+d#X) ~ (n-1/2) * (A+Bxx) “p,X],X,Sin[e+fxx]] /;
FreeQ[{a,b,c,d,e,f,A,B,m,n,p},x]| & EqQ[bxc+axd,0] && EqQ[a"2-b"2,0]

Int[(a_+b_.xcos[e_.+f_.xx_])"m_.#(c_+d_.xcos[e_.+f_.#x_])"n_.x(A_.+B_.*cos[e_.+f_.xx_]|)"p_,x_Symbol] :
-Sqrt[a+bxCos[e+fxx] ] +Sqrt[c+d«Cos[e+Ffxx]]/(F+Sin[e+Ffrx])«
Subst[Int[ (a+bxx)"(m-1/2)* (c+d*x)"(n-1/2) » (A+Bxx) “p,X],xX,Cos [e+f*x]] /;
FreeQ[{a,b,c,d,e,f,A,B,m,n,p},x]| & EqQ[bxc+axd,0] && EqQ[a"2-b"2,0]
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